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Abstract: We propose an inflationary mechanism inspired by a recent formulation, in 
terms of coherent states, of non-commutative quantum field theory. We consider the 
semiclassical Einstein equations, and we exploit the ultraviolet finiteness of the non- 
commutative propagator to construct the expectation value of the energy momentum tensor 
associated to a generic scalar field. It turns out that the latter is always finite and dom- 
inated by an effective cosmological constant. By combining this general feature with the 
intrinsic fuzziness of spacetime, we show that non-commutativity governs the energy den- 
sity of the early Universe in such a way that the strong energy condition is violated. Thus, 
there might be a bounce and a subsequent inflationary phase, which does not need any 
ad hoc scalar field. The scale invariance of the perturbation spectrum and the particle 
production are briefly discussed. 
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1. Introduction 

The standard theory of big bang has achieved many successes, from explaining the observed 
thermal cosmic microwave background (CMB), to the expansion of the Universe and the 
abundance of light elements. However, it is an incomplete theory as it does not explain 
why the Universe is almost flat and so homogeneous on large scales. The inflationary 
paradigm was originally introduced to answer successfully these questions [1]. In addition, 
inflationary theories predicted the tiny fluctuations in the CMB, confirmed later on by 
observations with increasing accuracy [2]. 

By definition, inflation consists in a period of accelerated expansion of the Universe, 
during which gravity acts as a repulsive force. In the simplest inflationary model, this 
effect is achieved if the dynamics is dominated by a minimally coupled scalar field, called 
inflaton. With this hypothesis, the strong energy condition is violated, and the energy 
density behaves as a weakly time-dependent and positive cosmological constant. At the 
end of inflation, the inflaton decays into radiation and matter according to various reheating 
mechanisms [3]. 

In this paper we investigate the possibility that the inflationary phase is not driven by 
a classical scalar field, but it rather originates from a non-commutative structure of space- 
time, which governs the dynamics through quantum effects encoded in the expectation 
value of the stress tensor. The idea that non-commutativity can drive the dynamics of the 
early Universe through its influence on the matter fields is not new, and it was utilized in 
many important works, see e.g. [4]. 

According to the semiclassical picture, the Einstein equations are given by 



where (T^) is the expectation value of the energy momentum tensor associated to the 
matter fields. In general, this quantity is divergent but it can be formally written by acting 




(1.1) 
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with a differential operator on the propagator, expressed as a function of two distinct 
points [5]. For example, for a minimally coupled scalar field of mass m, and in Euclidean 
spacetime, we can write 

(T^(x, x')) = l - ( 5 °£v a , V„ + 5 Q Xv a ,) G E (x, x') - ^ (g a '^ a ,V p + m 2 ) G E (x, x'), 

(1.2) 

where primed indices refer to x' , and Ge(x,x') is the Euclidean propagator [6]. In the 
coincident limit x = x' the propagator diverges, and so it does (T^). Generally speaking, 
the singularity structure of the two-point function can always be cast in the Hadamard 
form [7] 

G(x, x') = u ^ x 2 + v ^ x , x') In \a(x, x')\ + w(x, x') , (1.3) 

<J{X, X ) 

where a(x,x') is half the square geodesic distance between x and x' , and u, v, and w are 
finite functions in the coincident limit [5]. The usual renormalization procedure brings 
along the addition of higher-curvature terms in the gravitational action, and the Einstein 
equations become extremely complicated, see e.g. [8] for the cosmological case. Moreover, 
the right-hand-side of Eq. (1.1) might contain also a stochastic contribution when the 
fluctuations of the stress tensor are large [9], but we will not address this issue here. 

This situation might change if we modify sensibly the Hadamard form of the propa- 
gator. For example, one can introduce a minimal length Lp via path-integral duality as in 
[10]. Then, the Euclidean Feynman propagator acquires a regulating term in the Schwinger 
representation, and takes the form G(x, x') = (cr(x, x') + Lp)^ 1 . Connections between this 
proposal and string T-duality were investigated in [11]. 

Another way of introducing a minimal length in the theory is via non-commutativity of 
spacetime [12]. Implementations of non-commutativity in inflationary models were initially 
proposed by Brandenberger et al [13], and Lizzi et al [14]. In these works, the effects of 
the non-commutativity of spacetime is encoded in the Moyal product, which replaces the 
ordinary product between functions in the Lagrangian of the inflaton field. 

In this paper, we would like to consider an alternative approach to non-commutativity, 
based on the coordinate coherent states proposed in [15]. In particular, we would like to 
study what happens to the inflationary phase, when the intrinsic fuzziness of spacetime is 
expressed not by the Moyal product but by the Gaussian smearing of the source term in 
the Einstein equations, which is a direct effect of coherent state non-commutativity. In the 
next section, we will briefly review the main properties of the coordinate coherent states, 
and we will calculate the stress tensor of a scalar field via semiclassical arguments. In Sec. 
(3), we will show how the energy density is modified by non-commutative effects, and how 
this leads to a non-singular solution to the Friedmann equations. In Sec. (4) we study 
the case when also momenta are non-commuting, and how this can alter the value of the 
cosmological constant significantly. In the final section, we will discuss further aspects of 
this model, and the necessary steps to take in order to verify the consistency with current 
observations. 
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2. Coherent states and non-commutativity 



The proposal put forward in [15] introduces two novelties, with respect to the usual non- 
commutative scenario. First, all coordinate operators (and not only a subset of) must 
satisfy the relation [z^, z v \ = iO^, where Q^ u is a constant and antisymmetric tensor. 
In four Euclidean dimensions, one can transform this tensor in a block diagonal form, 
such that Q^ v = diag^ie* 7 , 02£ lJ ), where e tJ is the two-dimensional Levi-Civita tensor. It 
turns out that, if Q\ = 62, the resulting field theory is covariant. The second novelty is 
that physical coordinates are commuting c-numbers, constructed as expectation values on 
coherent states. For example, on the Euclidean plane we have two coordinate operators, 
which satisfy the algebra [z±, Z2] = iO. In complete analogy with the case of the harmonic 
oscillator, where the roles of the position and the momentum operator are now played by 
the two coordinate operators, one can construct the ladder operators 

A = zi + iz 2 , i f = h - iz 2 , (2.1) 

such that [A ^1 = 26. The coherent states \a) are defined as the ones which satisfy the 
equation A\a) = a\a). Finally, the physical coordinates are the commuting c-numbers 

x\ = Re(a) = (a|zi|a) , X2 = Im(a) = (a|z2|a) • (2-2) 

Thus, on the non-commutative plane, the vector (xi,X2) represents the mean position of a 
point-particle. We note that coherent states are not orthogonal, and form an over-complete 
basis [16]. In fact, if \a) and \j3) are coherent states, we have that 

(a\(3) = exp(a*/3-^H 2 -^|/3| 2 ) . (2.3) 

From this, it follows that any operator T has the expectation value 

(a\f\P) = exp (-^|a| 2 - ^|/3| 2 ) T(a*,(3) , (2.4) 
where the function T(a*,(3) is defined as the double sum 

T(«*,/3) = ^^=(a*)«/3 m , (2.5) 

n,m ^ n]ml 

which, as explained in [16], is well defined and convergent. In the case of the wave operator 
exp(ipizi + ip2Z2), where p\ and P2 are the ordinary and commuting components of the 
momentum, one can easily compute the expectation value by using the BakerCampbell- 
Hausdorff formula, and the result is [15] 



{a\e ipih+ip2 * 2 \a) = exp 



ip-x- 6 - {p\ +pf) 



(2.6) 



The Gaussian damping is the key feature of this approach to non-commutativity. The 
same damping enters in the integral measure of the Fourier transform operator, and from 
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this one can construct the quantized theory of a scalar field, see e.g. [17]. The above 
construction can be lifted to higher and even-dimensional spacetimes, and the propagator 
in a four-dimensional Euclidean spacetime for a scalar field reads 

- P 2 e/A 

G(p) = 4 n • (2.7) 

v ' p 2 + m 2 K ' 

In coordinate space, the above propagator is manifestly finite in the ultraviolet regime. In 
the massless limit, it takes the form [18] 

1 _ p -a E (x,x')/46 

where oe is the Euclidean geodesic distance. In the light of Eq. (1.2), we therefore expect 
that also (T^ u ) will be modified by the non-commutative structure of spacetime, and we 
aim to investigate what this implies in the inflationary context. 

For simplicity, we consider a minimally coupled massive scalar field, which can be 
interpreted as an effective matter field, or as the field generated by vacuum fluctuations, 
with the mass acting as an infrared regulator. First, we need to find an expression for 
the Euclidean propagator in curved space, and the simplest way is to use the proper-time 
Schwinger representation 

poo 

G E (x,x')= dsK(x,x';s) , (2.9) 
Jo 

where K = (x\e~ tHs \x') and H is the Klein-Gordon operator [5]. In [19] it is shown that 
the modified kernel can be written as ex.p(6\3 x )Ko(x, x'; s), where Kq represents the kernel 
of the usual theory. As a result, at coincident points we have 



e -m 2 s 



n=l 



(2-10) 



where the deWitt-Schwinger coefficients a n (x) are combination of the Riemann tensor and 
its derivatives up to order 2n, see also [20]. Because of the minimal distance \/d, the 
integral (2.9) is no longer singular and can be easily evaluated. By expanding the result 
for small m, we find that 

16tt 2 G e (x,x) = ^ - F^Om^a^x) + ■ ■ ■ , (2.11) 

where the dots indicate terms proportional to ai and Dai and F\ = 1 + 7 + ln(6*m 2 ) + 
O(0m 2 ). As mentioned above, the mass term acts as an infrared regulator. In this limit, 
the propagator looks like the one discussed in the case of path-integral duality [10]. The 
other important ingredient is that the Euclidean Green's function satisfies, in curved space, 
the modified equation 



(n x + m 2 )G E (x,y) = e 



0U X 



L j^>(*,y) 



(2.12) 
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as a result of the modification of the Fourier transform operator, as mentioned above [19]. 
Since the Green's function is finite at coincident points, we can write the expectation value 
of the stress tensor (1.2) as 



(T^) = V v V»G E {x) - ^ lim e m * 



y^tx 



V9 



One can show that, for small (y — x) 2 /8, we have the general formula [19] 



V9 



1 e ~(x-y) 2 /ie , . 



(2.13) 



(2.14) 



where the dots stand for terms proportional to powers of R, the Ricci scalar. From Eq. 
(2.11), we see that the term V \iV u Ge is of adiabatic order four and higher. Thus, we 
conclude that the leading term of the deWitt-Schwinger expansion of the Euclidean stress 
tensor for a scalar field has the form 



1 



^ ~ 32vr 2 # 2 9flu ' 



(2.15) 



This result is general and can be extended to higher spin fields. The non-commutative 
structure of spacetime naturally regulates the divergent ultra-violet behaviour of the prop- 
agator, so the stress tensor for matter fields is UV finite, and the leading term assumes the 
form of an effective cosmological constant, which diverges in the 9 — > limit. 



3. Inflationary phase 

The main lesson learnt from these considerations is that when a minimal length is intro- 
duced as in Eq. (2.10), there is a smearing effect on the field. As a result, the quantum 
stress tensor has a universal form to leading order, which shows a constant term plus cur- 
vature corrections. Thus, non-commutativity enters, via semiclassical arguments, in the 
Einstein's equations in the form of a cosmological constant. In the case of black holes, it 
has been argued that the smearing effect of the non-commutative geometry can be encoded 
by replacing the mass term M in the Schwarzschild solution, with a Gaussian distribution 
[21] 



M5(r) — > p(r) 



M 



(4tt0) 3 / 2 



-r 2 /40 



(3.1) 



where r is the radial coordinate. The Gaussian function is then interpreted as the energy 
density of a conserved perfect fluid, with radial and tangential pressures. As a result, the 
Schwarzschild solution is modified into a non-singular solution, which matches asymptot- 
ically the usual one. Very recently, this formula was justified rigorously in terms of the 
Voros product, which is a relative of the star-product and leads to a field theory that is 
equivalent to the one displayed above [22], see also [23]. The Gaussian damping emerges 
from the calculation of the overlap integral of two coherent states, and it effectively replaces 
the Dirac distribution. 
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Figure 1: Qualitative behaviour of a (solid line), a (dotted line), H (dashed line), and (aH) 
(dot-dashed line) as functions of time. 



In the case of a radiation-dominated Universe, we know that the energy density diverges 
when the cosmic time t — > 0. However, we have seen above that non-commutative effects 
introduce an upper bound on the energy density of the order of 6~ 2 . Although we computed 
this for a scalar field, we can reasonably assume that the upper bound exists also for 
non-zero spin fields, so it is a general effect induced on any form of matter by the non- 
commutative structure of spacetime. If we interpret the energy density as an operator 
acting on coherent states, and we model the singularity as a delta function, we are on the 
same footing as for the black hole, thus we can apply the calculation of [22] and, along the 
lines of Eq. (3.1), write 

p(t) = po e"* 2 / 49 , (3.2) 
where po is a constant. It follows that the Friedmann equation takes the form 

{f) =^ P (t)^Hte^l^ , (3.3) 

where H = a/a and a is the scale factor of the metric ds 2 = —dt 2 + a 2 {t)5ijdx l dxK 

As the energy density is no longer singular, we can extend t from +oo to — oo. Then, 
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the solution to Eq. (3.3) reads 



a 



(t) = a exp HqV^O Erf 



2^26 



t 



) 



2 l' x 9 
Erf(x') = -= / e- x dx , 



V n Jo 



(3.4) 



where ao is an integration constant. It can be checked that a is initially positive and then 
changes sign at the time when the comoving Hubble length (aH)~ l reaches its minimum, 
while H reaches a maximum value at t = 0, see Fig. (1). In other words, the global 
evolution of the scale factor is very similar to the case of the pre-Big Bang scenario of 
string cosmology, as H(t) = -^j^H(t) [28]. 

The number of e- folds is N = ln(a//aj), where the asymptotic scale factors are a/^ = 



a(t = ±00). We find that N = 8vr J ^f- and, if N ~ 60, this implies that \/0 ~ 0.014 1 



where l v is the Planck length, and where we assumed that at t = the value of po is given 
by the time-time component of Eq. (2.15). Thus, the minimal length determines uniquely 
the number of e-folds in the specific case that matter is represented by a single scalar field. 
In more realistic models, there could be a large number n of other fields that would change 
the result by a factor y/n. In any case, the number of e-fold is basically determined by the 
minimal length of the theory. 

By imposing the second Friedmann equation, p + 3H(p + p) = 0, we find the effective 
pressure p. If we assume an equation of state of the form p(t) = ui(t)p(t), we find that 



This leads to a dynamical crossing of the coo = — 1 value at the point where H{t) reaches 
its maximum. 

4. Effective cosmological constant 

If we interpret the result (2.15) as a cosmological constant, we incur in the same problem 
as for standard field theory, namely that it is way too large when compared to the observed 
one. In fact, if we take 9 to be of the order of the square of the Planck length, we would have 
the usual 10 120 discrepancy problem of the Standard Model [24] . One possibility is that 
is in fact only a "bare" parameter, that can be rescaled by an effective theory approach, 
along the lines of [10]. Another possibility is that this large quantity can be suppressed 
by properly defined boundary conditions [25]. There is however another intriguing way of 
dealing with this issue. The parameter 6 can in fact be rescaled if we assume that also 
momenta do not commute. This hypothesis has been studied in several works (see e.g. [26] 
and references therein), and it is originally motivated by the interaction with a constant 
magnetic field B of a particle moving on a non-commutative plane. In such a situation, 
the algebra of the operators is 



where eij is the two-dimensional Levi-Civita tensor, and 7 is a sort of "minimal momen- 
tum", which is proportional to B. This algebra can be reduced to the one with commuting 





(3.5) 



[xi,xj] = iOeij , \pi,Pj] = ijeij , [xi,pj] = ihSij 



(4.1) 
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momenta by rescaling the latter according to 

Pi — >TTi = api + fisijXj , a = -j= = , (3 = -(1 - a) , %, ttj] = . (4.2) 

We remark that, at the critical value j9 = 1, the linear transformation above becomes 
singular. This situation corresponds to a change of the symmetry group acting on the 
plane, from SU(2) to SU(1,1), as explained in [26]. In our context, the important fact 
is that when we compute the expectation value on coherent states of the rescaled wave 
operator exp(i7? ■ x), we find that the damping factor is now multiplied by a. It follows 
that the energy momentum tensor is modified according to 

Irp v 1 (l-7fl) 2 (A ~, 

\V> ~ Q2rf9 w = j 2 9iw ■ (4.3) 

This shows that the effective cosmological constant can actually be much smaller than 
previously estimated. One could say that the expression above has a fine-tuning problem, as 
the observed value of the cosmological constant would be fixed by the arbitrary parameter 
7. This is indeed true if 7 is a given constant. However, as we said before, this model 
is motivated by the interaction of a particle with an external magnetic field on a non- 
commutative plane. If we change the value of B, we also change 7. Therefore, we argue 
that, contrarily to 8, 7 is a time-dependent parameter, which depends on the cosmological 
expansion itself. In fact, one can think of 7 as the minimal momentum associated to 
the inverse of some maximal large distance scale. The most natural choice for this scale 
would be the (expanding) cosmological horizon size, which sets the largest possible causal 
distance. This is in line with the idea, proposed by Padmanabhan in [27], that the observed 
value of the cosmological constant depends on both the Planck length and the size of the 
causal horizon. At the critical value 7$ = 1, the cosmological constant is zero and the 
symmetry group on the non-commutative plane changes. This suggests that there might 
be a symmetry breaking mechanism, which is responsible for a non-zero, time-dependent 
cosmological constant. 



5. Discussion 

The inflationary phase ends when a = 0, namely at the time t e , implicitly determined by 
t e = A9Hq e~*e/ 861 . The subsequent evolution of the Universe should be driven by a matter 
content other than the right hand side of Eq. (3.3). In most inflationary models, matter 
and radiation are generated by the decay of the inflaton. Alternatively, it is known that the 
expansion of the Universe itself can be a source of particle production [29]. In our model, 
as the expansion rate is initially of the order of Hq ~ -1 / 2 , we can expect that the energy 
density of these particles will be roughly of the order of the Gibbons-Hawking temperature 
T ~ Hq/2-k ~ 9~ 1 / 2 [30]. However, particle production could be tamed by the minimal 
length. In fact, in a recent study on the Unruh effect, based on the propagator (2.8), it is 
shown that the thermal spectrum seen by an accelerated detector is strongly suppressed 
[18]. This could be a hint towards excluding particle production as an efficient mechanism 
to produce matter in an expanding Universe, and further investigations are on their way. 
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Regarding the evolution of the Universe before t = 0, it seems plausible to assume a 
contracting phase, which leads towards a singularity. When the energy density grows and 
reaches planckian values, non-commutative effects take over and drive the Friedmann equa- 
tions as explained above. In this sense, we can talk about a bouncing solution, in analogy 
with the pre-Big Bang scenario. Cosmological perturbations in the presence of a bounce 
have been studied since the early paper [31]. From these studies it turns out that quantum 
vacuum fluctuations, which exit the Hubble horizon during a matter-dominated contract- 
ing phase, evolve to form a scale-invariant spectrum today [32]. Eventually, a bouncing 
phase can leave specific non-gaussian signatures in the spectrum [33]. In our model, the 
final contracting phase is dominated by the non-commutative effects. On one hand, one 
can argue that around the bounce at t = 0, the Universe expand quasi-exponentially and 
therefore the background equations are indistinguishable from the ones already studied 
in the literature. It seems therefore plausible to claim that the spectrum of cosmological 
perturbation is scale invariant and that it might even show non-gaussianity. On the other 
hand, also perturbations feel the non-commutative structure of spacetime. Therefore, one 
should analyze the evolution of perturbations, taking in account that the propagator as- 
sociated to graviton modes must satisfy an equation similar to (2.12). Again, this could 
leave distinctive fingerprints in the CMB, and this exciting possibility will be the subject 
of a future work. 

In this paper we showed that a non-commutative structure of spacetime can act on the 
Einstein equations via semiclassical effects, and drive the Universe through a an inflationary 
phase, without any ad hoc scalar field. The semiclassical picture shows that the effect 
induced by non-commutativity on matter fields smears out the energy source at the would- 
be singularity, causing the violation of the strong energy condition, and, eventually, a 
smooth transition between a contracting and an expanding Universe. This phenomenon 
seems quite general, and it was already noticed in the context of black holes. 

We believe that this model deserves further investigations. In particular, it is crucial 
to determine the spectrum of the primordial fluctuations, and to look for signs of non- 
gaussianity. Another interesting issue to investigate in detail is what happens if the asymp- 
totically Minkowskian initial state of the Universe is replaced by some matter-dominated 
era, able to drive the Universe towards a collapse. As mentioned above, we expect that 
non-commutativity is still able to avoid a singularity at the bounce, by smearing out the 
energy density of a pre-existing source. We hope to report shortly and more accurately on 
these issues. 
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